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1. Introduction 
During last decades of twentieth century, the basic point of concern in the development of 
Spark Ignition engine was the improvement in fuel economy and reduced exhaust 
emission. With tremendous of electronics and computer techniques it became possible to 
implement the complex control algorithms within a small rugged Electronic Control Unit 
(ECU) of a vehicle that are responsible to ensure the desired performance objectives. In 
modern vehicles, a complete control loop is present in which throttle acts as a user input 
to control the speed of vehicle. The throttle input acts as a manipulating variable to 
change the set point for speed.  A number of sensors like Manifold Air Pressure (MAP), 
Crankshaft Speed Sensor, Oxygen sensor etc are installed in vehicle to measure different 
vehicle variable. A number of controllers are implemented in ECU to ensure all the 
desired performance objectives of vehicle. The controllers are usually designed on the 
basis of mathematical representation of systems. The design of controller for SI engine to 
ensure its different performance objectives needs mathematical model of SI engine. Mean 
Value Model (MVM) is one of the most important mathematical models used most 
frequently by the research community for the design of controllers; see for example [1], 
[2], [5], [7], [9], [13], [14], and [15]. The basic mean value model is based on the average 
behavior of SI engine in multiple ignition cycles. 
Although the controllers implemented in vehicle ECU are sufficiently robust, yet 
introduction of fault in system significantly deteriorate the system performance. Research is 
now shifted to ensure the achievement of performance objectives even in case of some fault.  
The automotive industry has implemented some simple fault detection algorithms in ECU 
that identify the faults and provide their indication to a fault diagnostic kit in the form of 
some fault codes. The implementation is however crude as it provides fault indication only 
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when the fault become significant. For incipient faults, the vehicle would keep its operation 
but under sub-optimal conditions till the magnitude of fault would grow to such an extent 
that it would become visible. Again mathematical models are used to identify the faults and 
develop techniques to detect the engine faults. 
Different mathematical models of Spark Ignition engine proposed in literature in recent 
years along with the domain of their application are reviewed. The emphasis would 
however be given to two different mathematical models 
 The version of mean value model proposed by the authors [11], [12]. 
 Hybrid model proposed by the authors [21], [22]. 
The first section of this chapter would present different models of SI engine with only a brief 
description of those models. The second section would give the mathematical development 
of mean value model along with the simulation results of presented model and its 
experimental validation. The third section would give the mathematical derivation of 
Hybrid model along with the simulation results of model and experimental verification of 
simulation results. The fourth section would identify the application of these models for 
fault diagnosis applications. 
2. Review of models of spark ignition engine 
The dynamic model of a physical system consists of a set of differential equations or 
difference equations that are developed under certain assumptions. These mathematical 
models represent the system with fair degree of accuracy. The main problem in 
development of these models is to ensure the appropriateness of modeling assumptions and 
to find the value of parameters that appear in those equations. However the basic advantage 
of this approach is that the develop model would be generic and could be applied to all 
systems working on that principle. Also the model parameters are associated with some 
physical entity that provides better reasoning. An alternate modeling technique is to 
represent the system using neural network that is considered to be a universal estimator. A 
suitably trained neural network sometime represents the system with even better degree of 
accuracy. The main problems associated with this approach are the lack of any physical 
reasoning of parameters, appropriate training of neural network and lack of generality i.e. a 
neural network model trained on one setup may not work properly on another setup of 
similar nature.  
The research community working on mathematical modeling of SI engine has used both 
these approaches for control, state estimation and diagnostic applications. In this regard a 
number of different models were developed to represent the SI engine using both these 
approaches. Mean Value Model (MVM), Discrete Event Model (DEM), Cylinder by Cylinder 
Model, Hybrid Model are some of the key examples of models developed using basic laws 
of physics.  Most neural network based models are based in one way or other on Least 
Square Method. A brief description of some of these models is below. 
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2.1. Mean Value Model (MVM) 
Mean Value Model is developed on the basis of physical principles. In this model throttle 
position is taken as input and crankshaft speed is considered to be the output. A careful 
analysis indicates that MVM proposed by different researchers share same physical 
principles but differ from each other slightly in one way or the other [1-16], [26], and [27]. 
The idea behind the development of model is that the output of model represents the 
average response of multiple ignition cycles of an SI engine although the model could be 
used for cycle by cycle analysis of engine behavior. The details about the development of 
MVM on the basis of physical principles are provided in section 3 of this chapter. 
2.2. Discrete Event Model (DEM) 
An SI engine work on the basis of Otto cycle in which four different processes i.e. suction, 
compression, expansion and exhaust take place one after the other. In a four stroke SI 
engine, each of these processes occurs during half revolution (180°) of engine shaft. 
Therefore irrespective of the engine speed it always takes two complete rotations of engine 
shaft to complete one engine cycle. The starting position of each of the four processes occurs 
at fixed crank position but depend upon certain events e.g. expansion is dependent on spark 
that occur slightly ahead of Top Dead Center (TDC) of engine cylinder. Also with Exhaust 
Gas Recycling (EGR), a portion of exhaust gases are recycled in suction. Due to EGR some 
delay is present in injection system to ensure overlap between openings of intake valve and 
closing of exhaust valve. 
The working of SI engine indicates that the link of engine processes is defined accurately 
with crankshaft position. In discrete engine model, crankshaft position is taken as 
independent variable instead of time. Mathematical model based on the laws of physics is 
developed for air flow dynamics and fuel flow dynamics in suction and exhaust stroke, 
production of torque during power stroke. The crankshaft speed is estimated by solving the 
set of differential equations of all these processes for each cylinder. Computational cost of 
DEM is high but it can identify the behavior of engine within one engine cycle. Modeling the 
discreet event model could be seen in [1]. 
2.3. Cylinder by Cylinder Model (CCM) 
In these models, the forces acting on piston of each cylinder are modeled on the basis of 
laws of physics. The input to these models is the forces acting on the crankshaft assembly 
and output is the crankshaft speed. The forces acting on crankshaft assembly are estimated 
using pressure established inside the cylinder due to the burning of air fuel mixture. For a 
comparison of MVM and CCM, see [23]. 
2.4. Hybrid model 
Hybrid model represent the integration of continuous dynamics and discrete events in a 
physical system [19], [21], and [22]. In SI engine, the variables like crankshaft speed represent 
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continuous dynamics but the spark is a discrete event. In hybrid model, the four cylinders are 
considered four independent subsystems and are modeled as continuous system. The cylinder 
in which power stroke occur is considered as the active cylinder that define the crankshaft 
dynamics. The sequence of occurrence of power stroke in four cylinders is defined as a series 
of discrete events. The behavior of SI engine is defined by the combination of both of them. 
The details of hybrid dynamics is provided in section 4 of this chapter. 
3. Mean Value Model (MVM) 
In this section a simple nonlinear dynamic mathematical model of automotive gasoline engine 
is derived. The model is physical principle based and phenomenological in nature. Engine 
dynamics modeled are inlet air path, and rotational dynamics. A model can be defined as  
“A model is a simplified representation of a system intended to enhance our ability to understand, 
explain, change, preserve, predict and possibly, control the behavior of a system”[25]. 
When modeling a system there are two kinds of objects taken into consideration 
 Reservoirs of energy, mass, pressure and information etc 
 Flows of energy, mass, pressure and information etc flowing between reservoirs due to 
the difference of levels of reservoirs. 
An MVM should contain relevant reservoirs only but there are no systematic rules to decide 
which reservoirs to include in what model. Only experience and iterative efforts can 
produce a good model. The studied machine is a naturally breathing four-stroke gasoline 
engine of a production vehicle equipped with an ECU compliant to OBD-II standard. The 
goal is to develop a simple system level model suitable for improvement of model-based 
controller design, fault detection and isolation schemes. The model developed in here has 
following novel features.  
 Otto (Isochoric) cycle is used for approximation of heat addition by fuel combustion 
process.  
 Consequently the maximum pressure inside the cylinder and mean effective pressure 
(MEP) are computed using equations of Otto Cycle for prediction of indicated torque. A 
detailed description of Otto cycle is available in most thermodynamics and automotive 
engine text books. 
 Fitting/ regressed equations based on experimental data and constants are avoided 
except only for model of frictional/pumping torque which has been adapted from 
available public literature [26], and [27] and modified a little bit. 
The model is verified with data obtained from a production vehicle engine equipped with 
an ECU compliant to OBD-II. Most of the models available in literature are specific to a 
certain brand or make because of their use of curve fittings, thus limiting their general use. 
Here a model is proposed which is not confined to a certain engine model and make; rather 
it is generic in nature. It is also adaptable to any make and model of gasoline engine without 
major modifications. Following are outlines of framework for deriving this model. 
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1. It is assumed that engine is a four stroke four cylinder gasoline engine in which each 
cylinder process is repeated after two revolutions.  
2. It is also assumed that cylinders are paired in two so that pistons of two cylinders move 
simultaneously around TDC and BDC but only one cylinder is fired at a time. Due to 
this, one of the four principle processes namely suction, compression, power generation 
and exhaust strokes, is always taking place in any one of cylinders at a time. Therefore 
the abovementioned four engine processes can be comfortably taken as consecutive and 
continuous over time. This assumption is due to the fact that each one of the four 
processes takes a theoretical angular distance of ߨ radians to complete and hence in a 
four stroke engine considered above one instance of each of the four processes is always 
taking place in one of the cylinders. 
3. The fluctuations during power generation because of gradual decrease in pressure 
inside the cylinder during gas expansion process (in power strokes) are neglected and 
averaged by mean effective pressure (MEP) which is computed using Otto cycle as 
mentioned earlier. This simplifies the model behavior maintaining the total power 
output represented by the model. The instantaneous combustion processing modeling 
and consequent power generation model is complex and require information about 
cylinder inside pressure and temperature variations at the time of spark and 
throughout power stroke. Moreover, the combustion and flame prorogation dynamics 
are very fast and usually inaccessible for a controller design perspective. 
4. The fluctuations of manifold pressures due to periodic phenomena have also been 
neglected. Equations of manifold pressure and rotational dynamics have been derived 
using the physics based principles.  
5. The exhaust gas recirculation has been neglected for simplicity.  
6. The choked flow conditions across the butterfly valve have also been neglected because 
in the opinion of author, sonic flow rarely can occur in natural breathing automotive 
gasoline engines due to the nonlinear coupling and dependence of air flow and 
manifold pressure on angular velocity of crankshaft. 
7. It is also assumed that the temperature of the manifold remains unchanged for small 
intervals of time; therefore the manifold temperature dynamics have been neglected at 
this time and it is taken to be a constant. 
8. Equation representing the rotational dynamics has been developed using Newton’s 
second law of motion. Otto cycle has been used for combustion process modeling, 
hence the computation of maximum cycle pressure, maximum cycle temperature, Mean 
Effective Pressure (MEP), and indicated torque ( ௜ܶ).  
9. The equations of frictional and pumping torque have been taken from available public 
literature, because frictional torque is extremely complex quantity to model for an IC 
engine due to many a number of rotating and sliding parts, made of different materials, 
changing properties with wear/tear and aging, and variations of frictional coefficients of 
these parts, changing properties of lubricating oil on daily basis. 
The air dynamics are further divided into throttle flow dynamics, manifold dynamics and 
induction of air into the engine cylinders. These are separately treated below and then 
combined systematically to represent the induction manifold dynamics. 
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3.1. Throttle flow dynamics 
Throttle flow model predicts the air flowing across the butterfly valve of throttle body. The 
throttle valve open area has been modeled by relationships of different levels of 
complexities for accuracy, see for example [2] and [16], but here it is modeled by a very 
simple relationship as  
 ܣ(ߙ) = (1 − cos ߙ) గସ ܦଶ் , ߙ଴ ≤ ߙ ≤ ߙ௠௔௫ (1) 
Where 	గସ ܦଶ்	 is cross sectional area of throttle valve plate with ܦ் , being the diameter of 
plate facing the maximum opening of pipe cross section, ߙ	is the angle at which the valve is 
open and ܣ(ߙ)	is the effective open area for air to pass at plate opening angle	ߙ. The angle ߙ଴	is the minimum opening angle of throttle plate required to keep the engine running at a 
lowest speed called idle speed. At this point engine is said to be idling. The angle ߙ௠௔௫ 	is the 
maximum opening angle of throttle plate, which is	90°. The anomalies arising will be 
absorbed into the discharge coefficient(࡯ࢊ).  
Mass flow rate across this throttle valve ( ሶ݉ ௔௜)	is modeled with the isentropic steady sate 
energy flow equation of gases and the derived expression is as below. 
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Here ܣ(ߙ) is defined in equation (1), ௔ܲ is atmospheric pressure, ௠ܲ is intake manifold 
pressure, R is universal gas constant, ௔ܶ is ambient temperature, and ߛ is specific heat ratio 
for ambient air. 
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3.2. Air induced in cylinders 
The air mass induced into the cylinder ( ሶ݉ ௔௖)		is modeled with speed density equation of 
reciprocating air pumps/ compressors, because during suction stroke the engine acts like 
one. The expression for an ideal air pump is given by the equation: 
  ሶ݉ ௔௖ = ߩ ௗܸܰ (4) 
Where ߩ	is the density of air, ௗܸ is swept volume of engine cylinders, and N is crankshaft 
speed in rev/min (rpm). In terms of variables easily accessible for measurement, the 
expression can be converted into the following using 	ߩ = ௉೘ோ ೘்	and  ௗܸܰ = ܥ଴߱	. Here N is in 
rpm and ߱	in rad/s and ܥ଴	holds all the necessary conversions. 
 ሶ݉ ௔௖ = ௉೘ோ ೘் ܥ଴߱ (5) 
Since air compresses and expands under varying conditions of temperature and pressure, 
therefore the actual air induced into the cylinder is not always as given by the equation. Hence 
an efficiency parameter called volumetric efficiency (ߟ௩)		is introduced which determines how 
much air goes into the engine cylinder. The equation therefore can be written as below: 
 ሶ݉ ௔௖ = ௉೘ோ ೘் ߟ௩ܥ଴߱ (6) 
3.3. Intake manifold dynamics 
The intake manifold dynamics are modeled with filling and emptying of air in the intake 
manifold. The manifold pressure dynamics are created by filling of inlet manifold by mass 
flow of air entering from the throttle valve ( ሶ݉ ௔௜)	and emptying of the manifold by expulsion 
of air and flow into the engine cylinder( ሶ݉ ௔௖). Using ideal gas equation for intake manifold 
this can be derived as 
  Using the relationship in manifold variablesm m m m
m
m m
m
PV mRT
P V m RT
RT
P m
V


 
 (7) 
Here P, V, m, R and T are pressure, volume, mass, Gas constant and temperature of air. It 
was assumed that the manifold temperature variations are small, and therefore manifold 
temperature is taken to be constant. To this reason, its differentiation is neglected and only 
variables are taken to be mass flow and manifold pressure. 
  Differentiation w.r.t. timemm m
m
RT
P m
V
    (8) 
The quantity ሶ݉ ௠ represents the instantaneous mass variation from filling and emptying of 
intake manifold, assuming 	 ሶ݉ ௠ = ሶ݉ ௔௜ − ሶ݉ ௔௖	 we can write it as 
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  ሶܲ௠ = ோ ೘்௏೘ ( ሶ݉ ௔௜ − ሶ݉ ௔௖) (9) 
Putting (2) and (4) in (7), and simplifying the resulting equation gives us the required 
equation of manifold dynamics. 
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Putting the expression of air mass flow from (2), this equation can also be written in the 
following form. 
 ሶܲ௠ = ோ ೘்௏೘ ܣ(ߙ) ௔ܲܥௗට ଶఉோ்ೌ ඨቆቀ௉೘௉ೌ ቁ఍ − ቀ௉೘௉ೌ ቁకቇ − ܥଵߟ௩ ௠ܲ߱ (11) 
Where 	ߚ, ߞ, and	ߦ	have already been defined in (2A). 
3.4. Rotational dynamics 
Rotational dynamics of engine are modeled using mechanics principles of angular motion. 
Thus torque ௕ܶ	produced at the output shaft (also called brake torque) of the engine is given 
by Newton’s second law of motion as 
  ௕ܶ = ܬ௘ߙ   Or (12) 
Where ܬ௘ 	is the rotational moment of inertia of engine rotating parts and ߙ is angular 
acceleration. This can also be represented as given below. 
  ߙ = ଵ௃೐ ௕ܶ Or  ሶ߱ = ଵ௃೐ ௕ܶ (13) 
The above relationship represents the rotational dynamics in general form. The brake 
torque is a complex quantity and is a sum of other torque quantities, which are indicated 
torque	 ௜ܶ, frictional torque	 ௙ܶ, pumping torque		 ௣ܶ,	 and load torque		ܮ் ,	the external load 
on engine.  Indicated torque comes from the burning of fuel inside the cylinder. Frictional 
torque is the power loss in overcoming the friction of all the moving parts (sliding and 
rotating) of the engine, for example, piston rings, cams, bearings of camshaft, connecting 
rod, crankshaft etc to name a few. Pumping torque represents the work done by engine 
during the compression of air and consequently raising the pressure and temperature of 
fresh air and fuel mixture trapped inside the cylinder during compression stroke. Load 
torque is work done by engine in running/pulling of vehicle, its passengers, goods and all 
the accessories. These are briefly described in 3.4.3. Mathematically brake torque is given 
by the following relationship. 
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  ௕ܶ = ௜ܶ− ௣ܶ − ௙ܶ − ܮ் (14) 
Sometimes the quantities other than ܮ்		in (14) are called Engine Torque ௘ܶ = ௜ܶ− ௣ܶ − ௙ܶ	and 
above equation is written as 
  ௕ܶ = ௘ܶ − ܮ்	    (15) 
In this work the form given in (14) and not in (15), will be maintained for parameterization 
purpose. The Torque quantities in (12) are defined as below. 
3.4.1. Indicated torque (ࢀ࢏) 
Indicated torque		 ௜ܶ		is the theoretical torque of a reciprocating engine if it is completely 
frictionless in converting the energy of high pressure expanding gases inside the cylinder 
into rotational energy. Indicated quantities like indicated horsepower, and indicated mean 
effective pressure etc. are calculated from indicator diagrams generated by engine indicating 
devices. Usually these devices consist of three basic components which are: 
 A pressure sensor to measure the pressure inside engine cylinder. 
 A device for sensing the angular position of crankshaft or piston position over one 
complete cycle. 
 A display which can show the pressure inside cylinder and volume displaced on same 
time scale. 
For a physics based engine model, indicated torque has to be estimated through any of the 
various estimation techniques. In this work indicated torque is presented as a function of 
manifold pressure. To do this, the engine processes are modeled using Otto Cycle. For 
computation of Indicated Torque another quantity, Mean Effective Pressure (MEP) is 
computed first which is given by the relationship below. 
  ܯܧܲ = ஼ೝమషം൫஼ೝംషభିଵ൯(ுೖொ)(ఊିଵ)(஼ೝିଵ)஼ೡ ೘்(஺ிோ) ௠ܲ (16) 
Here ܥ௥ is the compression ratio of engine, Q is calorific value of fuel (gasoline etc.), ܪ௞	is 
fraction of burnt fuel heat energy available for conversion into useful work, ܥ௩	is specific heat 
of air at constant volume, 	 ௠ܶ	is intake manifold temperature, and AFR is the stoichiometric air 
to fuel ratio. Mean Effective Pressure is defined as the average constant pressure which acts on 
the piston head throughout the power stroke (pressure that remains constant from TDC to 
BDC). In actual practice, the high pressure generated by combustion starts decreasing as the 
piston moves away from TDC and burnt gases start expanding. Since the mean effective 
pressure is computed on the basis of Otto cycle; the thermal efficiency (ߟ௧௛ = 1 − ଵ஼ೝംషభ) of Otto 
cycle must be considered when calculating indicated torque. Indicated torque is given as the 
product of MEP,	ߟ௧௛, and volume displaced per second. 
 ௜ܶ = ௏೏ସగ ߟ௧௛ܯܧܲ = ௏೏ସగቌ஼ೝమషം൫஼ೝംషభିଵ൯(ுೖொ)ቆଵି భ಴ೝംషభቇ(ఊିଵ)(஼ೝିଵ)஼ೡ ೘்(஺ிோ) ቍ ௠ܲ  (17) 
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The state variable in the above expression is manifold pressure ( ௠ܲ). All the other quantities/ 
parameters are constants or taken to be constant usually. For example, the displacement 
volume of engine under consideration ( ௗܸ) is a strictly constant value. The same is true for 
compression ratio (ܥ௥); this variable is a particular number for a production vehicle. For 
example, this number is 8.8 (ܥ௥ = 8.8) for engine under study. The calorific value of fuel (ܳ), 
manifold temperature ( ௠ܶ), and ܪ௞	are also taken to be fixed constants. As long as other 
parameters of the above expression are concerned, with the ambient air and atmospheric 
conditions of pressure and temperature, the variation in their values is very low but inside 
the cylinder, and during and after combustion, not only the composition of air changes, but 
also its properties may vary. The variation of index of expansion (ߛ) with density and 
composition of a gas is well documented in public literature. To accommodate all the 
variations and some heat transfer anomalies, the entire expression is written as following, 
making indicated torque a function of manifold pressure with a time varying parameter 
(ܽଵ). This parameter is called indicated torque parameter and will be estimated later in this 
work. In a proper way this parameter may be written as ܽଵ(ݐ) but the brackets and variable t 
are omitted for simplicity. With all this, the expression of indicated torque in (17) becomes 
 ௜ܶ = ܽଵ ௠ܲ	  (18) 
3.4.2. Frictional and pumping torque (ࢀࢌ, 		ࢀ࢖) 
The Modeling of frictional and pumping torque has been done using a well known 
empirical relationship given by the equation as 
 ௙ܶ = ଵଶగ ௗܸ{97000 + 15ܰ + 5ܰଶ10ିଷ} = ܾଵ + ܽଶ߱ + 	ܽଷ߱ଶ	 (19) 
A slight variation of that can be found in [26] and [27]. The equation has been converted into 
the variable ߱	with necessary conversion factors. Also the constant ܾଵis merged into the load 
torque		ܮ். Therefore the minimum value of load torque is equal to or greater than ܾଵ even 
when engine is idling.  We can write it as ܮ் = ܾଵ + External	Load	on	Engine 
The relationship given in (19) represents the quantity		 ௙ܶ	for throttle positions closer to WOT 
(wide open throttle) and for engines up to 2000 cc [26].   
3.4.3. Load torque (	ࡸࢀ) 
Load torque ܮ்		is external load on engine. It is the load the engine has to pull/ rotate, and 
it includes all other than the frictional losses all around and pumping work. In case of a 
vehicle, all the rotating parts of engine and its driven subsystems, including electrical 
generating set, cam and valve timing system, air conditioner etc. and beyond the clutches, 
toward the differential gear assembly and wheels, the weight of vehicle and everything in 
it is the load while in case of electrical generating set, the generator is the load. In a 
production vehicle, a significant part of the load is also created at random due to driver 
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commands and road/path conditions; for example, the climbing road poses a greater load 
as compared to the flat roads (without climbing slope) because of the torque required to 
work against gravity. Conversely on a downward slope, the vehicle may have an aid in 
moving down due to roller coaster effect. In urban areas, with random turnings, road 
lights, and random traffic etc. the load on engine cannot be predicted apriori, and has to be 
estimated. 
3.5. Fuel dynamics 
The fuel dynamics are considered to be ideal. Since fuel dynamics also have parametric 
variations and the delays due to the internal model feedback loops; taking ideal fuel 
dynamics will ensure that the model simulations are free from interferences of fuel 
dynamics parametric noise. The model of fuel flows is given here for completeness only [9]. 
 ሶ݉ ௙௖ = ሶ݉ ௙௙ଶ + ሶ݉ ௙௙ଷ + ሶ݉ ௙௦௟ (20) 
The components of this model are: 
 ࢓ሶ ࢌࢉ Mass of fuel entering into the engine cylinder in air fuel mixture. 
 ࢓ሶ ࢌࢌ૛  Mass of fuel from injector before inlet valve closes. 
 ࢓ሶ ࢌࢌ૜  Mass of fuel from injector after inlet valve closes, and entering in cylinder in next 
engine cycle. 
 ࢓ሶ ࢌ࢙࢒  Mass of fuel lagged due to liquid film formation and re-evaporation. 
3.6. Model summary 
The model derived and described in previous sections is a three state nonlinear model. It 
can be represented as a set of dynamical equations given below: 
Fuel flow dynamics 
 ሶ݉ ௙௖ = ሶ݉ ௙௙ଶ + ሶ݉ ௙௙ଷ + ሶ݉ ௙௦௟ (21) 
Manifold dynamics 
 ሶܲ௠ = ோ ೘்௏೘ ܣ(ߙ) ௔ܲܥௗට ଶఉோ்ೌ ඨቆቀ௉೘௉ೌ ቁ఍ − ቀ௉೘௉ೌ ቁకቇ − ܥଵߟ௩ ௠ܲ߱ + (22) 
Rotational dynamics 
 ሶ߱ = ܽଵ ௠ܲ − ܽଶ߱ − 	ܽଷ߱ଶ − ܮ்    (23) 
Where 
 ܽଵ = ଵ௃೐ ௏೏ସగቌ஼ೝమషം൫஼ೝംషభିଵ൯(ுೖொ)ቆଵି భ಴ೝംషభቇ(ఊିଵ)(஼ೝିଵ)஼ೡ ೘்(஺ிோ) ቍ	10ଷ  (24) 
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 ܽଶ = ଵ௃೐ ௏೏ସ  (25) 
 ܽଷ = ଵ௃೐ ௏೏.(଴.଴ହగ)ଵ଼×ଵ଴ర   (26) 
A detailed description of nonlinear engine models and their background can be studied in 
[1-16]. With fuel dynamics considered to be ideal, the model becomes a two state nonlinear 
model consisting of (17) and (18) only. 
3.7. Model simulations and engine measurements 
There is a great difference between theory and practice. 
Giacomo Antonelli (1806-1876) 
The manifold dynamics equation derived in earlier section is simulated on a digital 
computer. The simulation software used is Matlab and Matlab Simulink©. The S-function 
template available in Matlab is used to program the dynamic model and graphical interface 
of Simulink© is to run the simulations. The engine measurements are taken using an OBD-II 
compliant scanning hardware and windows based scanning and data storing software. The 
model is primed with the same input as engine was and manifold pressure measurements 
and model manifold pressures are plotted and compared.  
A couple of set of simulations are presented for two values of discharge coefficient, and 
the patterns of engine measurement of manifold pressure and the output of manifold 
dynamic equation are compared. In first set of simulation, the discharge coefficient is 
taken to have its ideal value which is 1.0; and the model output manifold pressure is 
compared with engine measured manifold pressure. While in another simulation test, the 
discharge coefficient is taken to be equal to 0.5 and the experiment is repeated. As we can 
see from the Figure 4 and Figure 5 that the shape of trajectory of model manifold pressure 
and engine measurements is a large distance apart. Moreover, these trajectories do not 
follow the same shape and pattern. From which we can comfortably deduce that both 
trajectories cannot be made identical by scaling with a constant number only; thus 
discharge coefficient of the derived model should not be a constant number. Also, at 
certain points in time, the evolution of both trajectories is opposite in directions.  From all 
of this it can be concluded that the discharge coefficient should be considered a time 
varying parameter.  
The above figure shows the first simulation of model derived earlier in this section with 
constant value of discharge coefficient (in this case Cd=1). The input to engine is angle of 
opening of throttle valve plate. The opening angle is measured with a plane perpendicular 
to the axis of pipe or air flow direction. The input angle is varied with accelerator pedal for 
several different values. The same input is fed to the derived model as input to evaluate its 
behavior and compare with manifold pressure measurements. It is clear that the derived 
model behaves very differently than the real engine operation.  
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Moreover, the manifold pressure value given by the model is very high with Cd=1; 
almost double the measurements throughout the experiment, except for a few points. At 
these points the model trajectory evolves in nearly opposite direction. It should be noted 
that for this simulation, the measured angular velocity of engine was used in model 
equation, and the rotational dynamics equation was not simulated. The similar results 
for second simulation experiment are shown in figure 3.2. Here, the value of Cd=0.5. As 
we can see that the lower value of Cd has brought the model manifold pressure 
trajectory significant low in the plot, and it almost proceeds closer to the engine 
measured inlet manifold pressure. But the evolution of both trajectories is not identical, 
which would have been; in case of a correct value of Cd. Both simulation experiments 
assert that the value of Cd must not be a constant, merely scaling the trajectory. But it 
must be a time varying parameter to correctly match the derived model to the engine 
measurements. The value of volumetric efficiency was taken to be 0.8 for model 
simulations. If engine measurements of volumetric efficiency are used in simulations, 
discharge coefficient would take different values. 
 
Figure 2. Throttle angle; above and manifold pressure; below with Cd=1.0 on left and Cd=0.5 on right. 
It is evident that the model trajectory is different than the engine measurements.  
4. Hybrid model 
Although the representation of SI engine as a hybrid model is already present in 
literature, the main difference of the approach presented in this thesis is the manner in 
which the continuous states of model are being represented. The hybrid model presented 
by Deligiannis V. F et al (2006, pp. 2991-2996) assumed the model of four engine processes 
[17] i.e. suction, compression, power and exhaust as four continuous sub-systems. Similar 
continuous systems are also considered in DEM that can also be considered as a hybrid 
model. In this model, each cylinders of engine is considered as independent subsystem 
that takes power generated due to the burning of air fuel mixture as input and movement 
of piston in engine cylinder is considered as the output. These sub-systems are 
represented as linear systems and complete SI engine is considered as a collection of 
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subsystems. These subsystems are working coherently to produce the net engine output. 
The proposed hybrid model of SI engine can be regarded as a switched linear system. 
Although an SI engine is a highly nonlinear system, for certain control applications a 
simplified linear model is used. Li M. et al (2006, pp: 637-644) mentioned in [19] that 
modeling assumption of constant polar inertia for crankshaft, connecting rod and piston 
assemblies to develop a linear model is a reasonable assumption for a balanced engine 
having many cylinders. The modeling of sub-systems of proposed hybrid model would be 
performed under steady state conditions, when the velocity of system is fairly constant. 
Also the time in which the sub-system gives its output is sufficiently small. A linear 
approximation for modeling of sub-system can therefore be justified. Similar assumption 
of locally linear model is made by Isermann R et al (2001, pp: 566-582) in LOLIMOT 
structure [20]. The continuous cylinder dynamics is therefore represented by a second 
order transfer function with crankshaft speed as output and power acting on pistons of 
cylinder due to fuel ignition as input. 
A continuous dynamic model of these sub-systems would be derived in this chapter. The 
timing of signals to fuel injectors, igniters, spark advance and other engine components is 
controlled by Electronic Control Unit (ECU) to ensure the generation of power in each 
cylinder in a deterministic and appropriate order. The formulation of hybrid modeling of 
sub-systems would be carried under the following set of assumptions: 
Modeling Assumptions 
1. Engine is operating under steady state condition at constant load.  
2. Air fuel ratio is stoichiometric. 
3. Air fuel mixture is burnt inside engine cylinder at the beginning of power stroke and 
energy is added instantaneously in cylinder resulting in increase in internal energy. 
This internal energy is changed to work at a constant rate and deliver energy to a 
storage element (flywheel). 
4. At any time instant only one cylinder would receive input to become active and exerts 
force on piston and other cylinders being passive due to suction, compression and 
exhaust processes contribute to engine load torque. 
5. All the four cylinders are identical and are mathematically represented by the same 
model 
The switching logic can be represented as a function of state variables of systems.  
4.1. Framework of hybrid model  
The framework of Hybrid model for a maximally balanced SI engine with four cylinders is 
represented as a 5-tuple model < μ, X, Γ, Σ, ϕ >. The basic definition of model parameters is 
given below.  
 μ = {μଵ, μଶ, μଷ, μସ} where each element of set represents active subsystem of hybrid 
model.  
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 X ∈ Rଶ represents the state variable of continuous subsystems, that would be defined 
when model is developed for subsystems, where the vector X consists of velocity and 
acceleration. 
 Γ = {	M	} is a set that contains only a single element for a maximally balanced engine. M 
represents state space model of all subsystems and is assumed to be linear, minimum 
phase and stable. The model equation is derived in the next section. The model can be 
defined in state space as: 
 xሶ (t) = AX + BU  (27) 
 y(t) = CX + DU  (28) 
Where 
 U ∈ R, A ∈ Rଶ×ଶ	, B ∈ Rଶ×ଵ, C ∈ Rଵ×ଶ, D ∈ R  
 Σ: μ → μ	represents the generator function that defines the next transition model. For an 
IC engine, the piston position has a one to one correspondence with crankshaft position 
during an ignition cycle. The generator function is therefore defined in terms of 
crankshaft position as: 
 Σ = ۖەۖ۔
ۓμଵ																			 4nπ ≤ ׬θሶଵdt < (4n + 1)πμଶ 								(4n + 1)π ≤ ׬θሶଵdt <	(4n + 2)πμଷ 							(4n + 2)π ≤ 	׬ θሶଵdt < (4n + 3)πμସ 							(4n + 3)π ≤ 	׬ θሶଵdt < (4n + 4)π (29) 
where n=0,1,2,… and 	׬ θሶଵdt  represents instantaneous shaft position that identifies the 
output of generator function.  
 ϕ: Γ × μ × X × u → X defines initial condition for  the next subsystem after the 
occurrence of a switching event, where u represents input  to subsystem. Figure 4.1 
shows the subsystems and switching sequence of proposed SI engine hybrid model.  
4.2. Modeling of sub-system 
A subsystem/cylinder is active when it contributes power to system i.e. during power 
stroke. When a sub-system is active its output is defined by the dynamic equations of 
system and its output during its inactive period is defined by its storage properties. The 
output of a sub-system provides initial condition to the next sub-system at the time of 
switching. All the subsystems are actuated sequentially during an ignition cycle. The cyclic 
actuation of subsystems is represented as a graph in Figure 4.1. The total output delivered 
by the system during complete ignition cycle would be the vector sum of outputs of all 
subsystems during that ignition cycle.   
If T is the period of ignition cycle and u(t) is the input to system at time t within an ignition 
cycle and ui(t) is the input of ith subsystems; by assumption 4: 
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 u୧(t) = u(t)													ݓℎ݁݊			 (୧ିଵ)୘ସ < ݐ < ୧୘ସ 		 , i = 1,2,3,4  (30) 
 u୧(t) = 0																		݋ݐℎ݁ݎݓ݅ݏ݁  (31) 
 
Figure 3. Switching of subsystems     (Adopted from Rizvi (2009, pp. 1-6) 
Franco et al (2008, pp: 338-361) used mass-elastic engine crank assembly model for real time 
brake torque estimation [24]. In this representation of SI engine each cylinder is represented 
by a second order mass spring damper as shown in Figure 4.2. Consider δQ amount of 
energy added in system by burning air fuel mixture. The instantaneous burning of fuel 
increases the internal energy δU in cylinder chamber.  
 δU = δQ (32) 
At ignition time, energy is added instantaneously in engine. This will increase internal 
energy of system. A part of this internal energy is used to do work and rest of the energy is 
drained in coolant and exhaust system. If internal energy change to work with constant 
efficiency ηt then work δW is given by the energy balance equation as:  
 δW = −η୲	δU (33) 
Using equationg (27) we get	
 δW = −η୲	δQ  (34) 
If p is pressure due to burnt gases then work done during expansion stroke is given by:  
 W = ׬ pdV୚ଶ୚ଵ  (35) 
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where V1 and V2 are initial and final volume of cylinder during expansion. For adiabatic 
expansion: 
 pVஓ = kଵ (36) 
where k1 and γ are constant. Hence equation (30) becomes 
 W = ׬ kଵVିஓdV୚ଶ୚ଵ  (37) 
 W = kଵ ୚మషಋశభି୚భషಋశభିஓାଵ  (38) 
 
Figure 4. Spark ignition engine representation (Adopted from Franco et al (2008, pp. 338-361)) 
Consider that the closed end of the piston to be origin and x is a continuous variable 
representing the instantaneous piston position with respect to the origin. The piston always 
moves between two extreme positions xt and xb where xt represent piston position at Top Dead 
Center (TDC) and xb represent piston position at Bottom Dead Center (BDC). If the surface area 
of piston is A, and it moves a small distance δx from its initial position x, where δx is constant 
and can be chosen arbitrarily small, then using equation (33), work done can be expressed as: 
 δW = kଵ [୅(୶ାஔ୶)]షಋశభି[୅୶]షಋశభିஓାଵ  (39) 
 δW = kଵ ୅షಋశభିஓାଵ [(x + δx)ିஓାଵ − xିஓାଵ] (40) 
 δW = ୩భ୅షಋశభିஓାଵ ൤xିஓାଵ ቀ1 + ஔ୶୶ ቁିஓାଵ − xିஓାଵ൨ (41) 
 δW = ୩భ୅షಋశభ୶షಋశభିஓାଵ ൤ቀ1 + ஔ୶୶ ቁିஓାଵ − 1൨ (42) 
Expanding using binomial series and neglecting higher powers of δx and simplifying: 
 δW = kଵAିஓାଵxିஓδx (43) 
Therefore from equation (29) 
 δQ = − ୩భ୅షಋశభ୶షಋஔ୶஗౪  (44) 
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In deriving the model for sub-systems, each cylinder of SI engine is treated as a second 
order system as used in [24] and shown in Figure 4.2. Consider if F is the applied force by 
the burnt gases, m is the mass of engine moving assembly (piston, connecting rod, 
crankshaft and flywheel), coefficient of friction is k2 and coefficient of elasticity is k3, then 
net force acting on piston is given by: 
 m ୢమ୶ୢ୲మ = F − kଶ ୢ୶ୢ୲ − kଷx (45) 
 
 m ୢమ୶ୢ୲మ + kଶ ୢ୶ୢ୲ + kଷx = F (46) 
Net work done by the expanding gases against the load, friction and elastic restoring forces 
when piston moves by a small distance δx would be given as: 
 ቂm ୢమ୶ୢ୲మ + kଶ ୢ୶ୢ୲ + kଷxቃ δx = δW (47) 
Using equation (38) above equation becomes 
 ቂm ୢమ୶ୢ୲మ + kଶ ୢ୶ୢ୲ + kଷxቃ δx = kଵAିஓାଵxିஓδx (48) 
The displacement δx can be chosen constant and arbitrarily small. As the piston moves, 
the volume inside the combustion chamber increases resulting in the reduction of 
instantaneous pressure on piston. Instantaneous power is therefore a function of piston 
position. Instantaneous power delivered by the engine would be calculated by 
differentiation as: 
 ቂm ୢయ୶ୢ୲య + kଶ ୢమ୶ୢ୲మ + kଷ ୢ୶ୢ୲ቃ δx = −kଵγAିஓାଵxିஓିଵ ୢ୶ୢ୲ δx (49) 
 
 m ୢయ୶ୢ୲య + kଶ ୢమ୶ୢ୲మ + kଷ ୢ୶ୢ୲ = −kଵγAିஓାଵxିஓିଵ ୢ୶ୢ୲ (50) 
Writing differential Eq 45 in terms of velocity v as: 
 m ୢమ୴ୢ୲మ + kଶ ୢ୴ୢ୲ + kଷv = −γη୲ ୩భ୅షಋశభ୶షಋஔ୶஗౪ ୴୶ஔ୶ (51) 
 m ୢమ୴ୢ୲మ + kଶ ୢ୴ୢ୲ + kଷv = γη୲δQ ୴୶ஔ୶ (52) 
 m ୢమ୴ୢ୲మ + kଶ ୢ୴ୢ୲ + kଷv = ஓ஗౪୴୶ ஔ୕ஔ୲ ஔ୲ஔ୶  (53) 
 m ୢమ୴ୢ୲మ + kଶ ୢ୴ୢ୲ + kଷv = ஓ஗౪୴୶ P(x) ଵ୴ (54) 
Assuming that crankshaft speed is proportional to the speed of piston inside the cylinder, 
equation (49) represents a model of crankshaft speed when energy is added in one of the 
cylinder of SI engine by the ignition of fuel. The model is however nonlinear on account of 
presence of x in the denominator on the right side of differential equation. 
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4.2.1. Model linearization 
SI engine is a highly nonlinear system. In hybrid modeling, the time of activation of 
subsystems is very small. Also under under steady state conditions, the velocity of engine 
is fairly constant hence a linear approximation of engine subsystems can be justified. The 
model derived in earlier section is now linearized to form a switched linear model. The 
validity of linear model is only at the operating point. As x can never be zero, so the 
function is smooth and can be linearized at TDC.  If the igniting fuel adds the power P(x) 
to a cylinder when piston is at position x, the dynamics of system at TDC would be 
described as: 
 m ୢమ୴ୢ୲మ + kଶ ୢ୴ୢ୲ + kଷv = ஓ஗౪୶ P(x) (55) 
Linearizing the system at TDC (x = x୲)		under steady state condition, and assuming that 
whole power is added in the cylinder instantaneously when the cylinder is at TDC, equation 
50 becomes: 
 m ୢమ୴ୢ୲మ + kଶ ୢ୴ୢ୲ + kଷv = ஓ஗౪୶౪ P(x)  (56) 
In simulations, P(x) can be taken as a narrow pulse or a triangular wave, assuming that 
when system receives input, it deliver power at constant high rate for a short interval of 
time and thereafter the delivered power would be negligible. Since shaft speed is also 
constant at the start of each ignition cycle, therefore right hand side of equation 51 becomes 
constant and expression becomes a linear differential equation. 
4.2.2. Model parameter estimation 
The movement of piston exhibit a periodic behavior with same fundamental frequency as 
that of rotational speed of engine shaft. This provides a heuristic guideline to choose the 
value of k3 (in Eq 5.16) as a function of crankshaft angular speed. The empirical choice is 
validated using simulation and experimental results reported later. 
 kଷ = ωଶ = (2πN)ଶ (57) 
where N is engine speed in revolution per second.  
During experimental verification load is also applied by friction. Most frictional models 
described in literature are based on empirical relations as a polynomial in engine speed. A 
simplified frictional model is chosen with term containing only square of engine speed. The 
constant term representing the load acting on engine is also considered as a parameter 
whose value is defined as a polynomial in crankshaft speed as:  
 kଶ = b	ωଶ+c (58) 
On the basis of simulation and experimental results it is established that the optimal 
selection of value of b varies between 0.02 and 0.5.  
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Parameter Value Description 
m 20 Kg Mass of Engine moving assembly 
b 0.2 Friction Coefficient 
k3 10000 Elasticity Coefficient 
γ 1.4 Cp / Cv 
P 3 hp Power generated in cylinder 
η 0.3 Efficiency 
ω 100 rad/s Engine operating speed 
Table 1. Parameter values used in simulation 
4.2.3. Model properties and applications 
The proposed hybrid model was used to study the properties of crankshaft speed of SI 
engine [Rizvi etal]. The simplicity of model also enabled to study some stochastic properties 
of engine variable also. An analysis of hybrid model indicates following results which are 
useful in statistical analysis of system.  
1. Four peaks would be observed in one ignition cycle of a four cylinder SI engine. 
2. Amplitude of four observed peaks represents four independent events. 
3. Crankshaft speed is proportional to input power. (Due to linear model of subsystems)  
4. Crankshaft speed is proportional to amount of intake air. 
The model was used: 
1. To develop state observer for estimation of angular acceleration 
2. To detect and isolate the misfire fault in SI engine [22]. 
4.3. Model input estimation 
The input to the model is the power generated inside the cylinder as a result of ignition. It is 
assumed that power operating on piston is coming from two sources i.e. by the ignition of 
fuel and by the power supplied by the engine rotating assembly due to inertia. In case of 
misfire, the power due to inertia of rotating assembly will maintain the movement of piston 
but the Power due to ignition of fuel is absent. Power can be defined as the product of force 
acting on piston of a cylinder and piston velocity. If F is the force acting on engine piston 
and v is the piston velocity, then power P acting on piston can be defined as: 
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 P = Fv	 (59) 
 P = p. A. v (60) 
Where p is the pressure inside the cylinder, A is the surface area of piston which is known. 
The only unknown variable is the cylinder pressure that can be estimated using observer or 
an estimator. One such technique of cylinder pressure estimation was proposed by Yaojung 
S. and Moskwa J. (1995, pp: 70-78) in [28]. However for simulation purpose typical values 
can be used. Under idle conditions the typical value of peak pressure inside the cylinders is 
25 bars. If engine is running at 15 revolutions per second i.e. idle speed, and cylinder stroke 
is 75mm, then average speed of piston can be easily estimated. This pulse would be 
provided once in each ignition cycle i.e. in 720˚. The time to traverse the complete stroke is 
1/30 seconds or nearly 0.03 seconds. The average power provided by the fuel can now be 
estimated as: 
 Power = ቀଶହ଴଴଴଴଴ଵଶ 	× pi × .075 × .075/4ቁ 	× (.଴଻ହ.଴ଷ 	) (61) Power = 2301	Watt = 3.1	hp  
A pulse with average value of power equivalent to 3.1 hp would then be used in 
simulations. 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5. Switched linear system used for simulation purpose 
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4.4. Model simulation and experimental verification 
The block diagram of switched linear system used for simulation purpose is shown in 
Figure 4.3. Input is provided as a periodic pulse train and three shifted versions of the same 
pulse train so that addition of all the four signals would also result in a periodic pulse train. 
H is a multiplier and represents health of a cylinder. H=1 represents a healthy cylinder that 
contribute to system output. H=0 represents faulty cylinder that does not contribute to 
system output. 
4.4.1. Simulation results 
For simulation computer program was written to implement the block diagram shown in 
Figure 4.3 in Matlab. This gain of all elements was given a value equal to 1 for no-misfire 
simulation. To simulate the misfire situation, the gain of the corresponding sub-system was 
set to zero so that its output did not participate in the net system output. The nominal values 
of model parameters/ constants used in simulation are provided in Table 1. Under no 
misfire condition, the model was tuned to match its output with the experimental results. 
Using same parameter values, the misfire situation was simulated. The simulation results of 
hybrid model for both healthy and faulty conditions are shown in Figure 4.4. 
 
 
 
 
 
 
 
 
 
 
 
Figure 6. Simulation Results: The waveforms representing fully balanced engine operation (left) one 
cylinder misfiring (right)  
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The simulation results were then validated by conducting an experiment. In the crankshaft 
position was observed using crankshaft position sensor. The output of sensor is in the form 
of pulses. The data was logged using a data acquisition card from National Instrument Inc. 
on an analog channel with a constant data acquisition rate. Engine speed is estimated using 
crankshaft position data and experimental setup data: Number	of	Teeth	in	gear = 13 Angular	spacing	between	normal	Teeth = 30° Angular	spacing	between	double	Teeth = 15° Reference	indication	by	Double	teeth Data	Acquisition	Rate = 50000	samples/second 
The reference was first searched by finding the double teeth. The number of samples polled 
in the time interval of passing of two consecutive gear teeth in front of magnetic sensor was 
observed. The number of samples polled was converted to time as Time = ୒୳୫ୠୣ୰	୭୤	ୱୟ୫୮୪ୣୱ	୮୭୪୪ୣୢୈୟ୲ୟ	୅ୡ୯୳୧ୱ୧୲୧୭୬	ୖୟ୲ୣ . 
Using angular displacement between two consecutive teeth and time to traverse that 
angular displacement, crankshaft speed was estimated. Crankshaft speed was finally 
plotted as a function of time.  The experiment for the measurement of speed was 
conducted both under no-misfire condition and misfire condition. During experiment 
some load was kept on engine by application of brake. The value of applied load was 
however unknown but an effort was made to keep load similar in both experiments by 
retaining the brake paddle at the same position during both experiments. The 
experimental results are shown in Figure 7. 
 
 
 
Figure 7. Experimental Results: The waveforms representing fully balanced engine operation (left) one 
cylinder misfiring (right)  
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